The axisymmetric equilibrium of the Willmore energy is described in terms of an isothermal parametrization of the surface geometry. In this parametrization, it is possible to cast the Euler-Lagrange equations as a non-local generalization of the sine-Gordon equation. This non-locality originates in constraints associated with the geometry not captured by the sine-Gordon equation. The equation does, however, possess a first integral which vanishes as a consequence of reparametrization invariance. Consistency with the well-known shape equation is established by describing the equilibrium in terms of the conservation of a stress tensor associated with the Willmore energy.
Introduction
The course-grained description of membranes and interfaces often involves purely geometrical degrees of freedom. The energy associated with tension is proportional to area. The positive definite invariant,
quadratic in the surface extrinsic curvature K ab , is a measure of the energy associated with bending [1] . The notation we adopt is defined in an appendix. This energy has the remarkable property that it is invariant with respect to conformal transformations of the ambient space. It plays a prominent role in the physics of soft matter, notably in the description of fluid membranes and liquid crystals (see, for example, [2, 3] ).
The energy H also has a very simple presentation in terms of the unit vector normal to the surface n [4] :
dA ∂ a n · ∂ a n .
Cast this way, the theory of surfaces resembles a non-linear sigma model for n. This identification, however, is not as straightforward as it might superficially appear, gliding as it does over the important fact that n is normal to the surface; thus it is constrained, not only by topology, but also by the local surface geometry. If this constraint is overlooked, the Euler-Lagrange equations for n are inconsistent with the Euler-Lagrange equation
for the functions embedding the surface in space (∇ 2 is the surface Laplacian). The nature of this discrepancy was examined in detail recently [5] . A consequence is that solutions of the sigma model (which is integrable [6] ) are not generally solutions of the theory of surfaces.
Whereas the description of the extrinsic geometry in terms of the normal vector makes it possible to borrow from the analogy with a sigma model, an isothermal parametrization of the intrinsic geometry permits one to trace the consequences of the conformal invariance of H. Recently, such a parametrization was exploited to examine the binding of a particle to an axially symmetric membrane described by this energy [7, 8] . In this work, the shape of the membrane is described by a surprisingly simple sine-Gordon type equation for the angle Ω that the normal makes with the symmetry axis in terms of the isothermal parameter along the meridian u. However, there are geometrical constraints missing in the variational principle giving rise to this equation: it is inconsistent with equation (3) .
The correct axially symmetric shape equation, incorporating the appropriate constraints, is a non-local generalization of the sine-Gordon equation which is of interest in its own right. Remarkably, the coupling of extrinsic geometry (as characterized by Ω) to the intrinsic geometry involves a single parameter. Despite its non-linearity, the equation also possesses a first integral. What is more, the first integral vanishes as a consequence of reparametrization invariance: it is necessary to take into account the fact that the isothermal parametrization depends implicitly on the surface geometry in the variational principle. Solutions must be consistent with the constraint this implies.
An alternative description of the equilibrium surface geometry is provided by examining the conservation of the stress tensor associated with the Willmore energy [9] . The connection between the two approaches will be established, confirming explicitly consistency of the non-local sine-Gordon description with the reparametrization invariant shape equation (3) . A physical interpretation of the parameter coupling intrinsic and extrinsic geometry will also emerge within the framework of the conservation law.
The shape equation in isothermal coordinates
An axially symmetric surface is described in terms of cylindrical polar coordinates (ρ, z, φ) on R 3 . The axis of symmetry coincides with the z-axis. There are two parametrizations tailored to this symmetry which we will find useful. The more fundamental of the two involves arc-length l along the meridian and the angle φ along the parallels. The surface is then described by two functions ρ = R(l), and z = Z(l); these functional relationships are not independent; they satisfy the constraint R ′2 + Z ′2 = 1 implied by the parametrization, where the prime denotes a derivative with respect to arc-length. The line element on the surface is now given by
An isothermal parametrization is obtained by replacing arc-length l by a parameter u defined in such a way that the line element assumes the conformally flat form,
Comparison of the two expressions (4) and (5) identifies R = e σ , and connects the parameter u to arclength through the relation ∂ u l = R.
To characterize the extrinsic geometry, introduce the variable Ω representing the angle which the outward normal to the surface makes with the (positive) axis of symmetry; the tangent along the meridian l is then given by (R ′ , Z ′ , 0) = (cos Ω, − sin Ω, 0). At any point on the surface, l together with the tangent along the parallel t define the principal axes of the surface. The corresponding curvatures are given respectively by
As noted in [7] , in terms of isothermal coordinates, the bending energy then assumes the remarkably simple form
where
In particular, H appears to depend only on Ω. Importantly, σ does not appear in H, at least not explicitly. This is a direct consequence of the conformal invariance of the energy [1] .
To determine the Euler-Lagrange equation for Ω, it is necessary to impose constraints on Ω to reflect the fact that Ω parametrizes the normal vector. The variational principle must therefore be consistent with the following local constraints,
We thus introduce two local Lagrange multipliers λ R and λ Z (as we see, one is generally not enough) and replace H 0 by H = H 0 + ∆H where
The Euler-Lagrange equations for R and Z give
and
respectively. They do not involve H 0 . As such, they are are easy to solve. The solution is
it involves two constants of integration, c and d. Note that in reference [7] , these constraints are overlooked; in [8] the constraint involving ∂ u Z is missing. This is equivalent to setting c = 0. The Euler-Lagrange equation for Ω is now given by
Ω couples to the intrinsic geometry through the two multipliers λ R and λ Z given by Eq. (13) . Using the constraints we can cast λ R and λ Z non-locally in terms of Ω. This is the non-local sine-Gordon equation mentioned in the introduction. If c = 0, then λ Z vanishes and λ R is constant. Ω then uncouples from the intrinsic geometry and one obtains the double sine-Gordon equation derived in [8] . The non-local terms are removed. Under these circumstances no error is incurred if the second constraint is dropped. Clearly, however, this is not generally valid. The question arises: when, if ever, is it valid?
In general, Eq.(14) can be integrated to produce a 'quadrature':
Technically, this is possible because the two derivative terms involving the multipliers cancel (the underlying geometrical reason will be provided below):
Thus a quadrature is obtained even when c = 0 so that neither λ R nor λ Z is constant. Of course, if either of these two variables depends on u, it will not generally be possible to integrate the quadrature. A constant of integration E enters Eq.(15). However, E must vanish. To understand why note that if the position along the meridian is parametrized by the isothermal variable u, u itself must be allowed to vary freely at the endpoints within the variational principle. For fixing the interval of integration u f − u i implies a global constraint
on the geometry -a constraint which is clearly unphysical. It also spoils the conformal invariance of the problem. If we allow both the initial and final values of u to vary freely then, modulo Eqs. (9), (13) and (14), it is easily checked that δH = 2π(
Therefore, in a stationary configuration, E(u) must vanish at the endpoints. And because H does not depend explicitly on u, E must be constant. As a result, it is zero everywhere. This is, of course, the constant appearing in the quadrature (15) . E is easily identified as the global Lagrange multiplier associated with the constraint (17) . When E vanishes, the constraint is relaxed. A completely analogous problem is encountered in the parametrization of an axially symmetric geometry by arc-length [10] ; it is familiar in the modeling of relativistic systems when a trajectory dependent parameter such as proper time is introduced within a variational principle (see, for example, [12] ). The issue is discussed in the appropriate setting in [13] . It is appropriate to point out that the constant c plays a role in one very well known equilibrium shape, the Clifford torus [1] . Consider a circular torus characterized by two radii, a and b,
Note that we now have l = b Ω, so that ∂ u Ω = R/b, and ∂ Finally note that there are two interesting linear combinations of the Euler-Lagrange equation (14) and its quadrature (15) . One of them involves the elimination of λ R (or Z) between the two equations (for later comparison we preserve E = 0):
We will have more to say about the interpretation of this equation as a conservation law.
Stress conservation
If the surface geometry is axially symmetric, it is well-known that the shape equation (3) possesses a first integral (see, for example, [10, 11] ). It is possible to show this in a completely reparametrization invariant way by describing the equilibrium in terms of the conservation of a stress tensor [9] . This involves the introduction of a little bit of formalism. Using the notation defined in the appendix, this stress is given by [9, 14] 
In equilibrium, on the free surface of the membrane, f a is conserved so that
where ∇ a is the surface covariant derivative compatible with g ab . This description is invariant with respect to reparametrizations of the surface. One can easily check that Eq. (22) reproduces the shape equation (3) . In reference [9] , it is shown how Eq. (22) can be integrated if the geometry is axially symmetric. The focus there, however, was on the behaviour of isolated vesicles of spherical topology subject to global internal constraints; thus the boundary conditions that were considered were not the most general ones. For this reason, it will be useful to retrace the steps involved in integrating the conservation law to accomodate non-trivial boundary conditions.
Consider any closed contour Γ on the free surface of the membrane. Using Stoke's theorem, the conservation law Eq.(22) implies that the closed line integral
is a constant vector C along contours that are homotopically equivalent to Γ on this surface. Here l a is the normal to Γ tangent to the surface, and ds is the element of arclength. If the contour can be contracted to a point this vector vanishes. This might not be possible for either of two reasons: (i) the membrane topology may be non-trivial, as it is for a torus; (ii) there is a source of stress within the region spanned by the contour. C is the net force acting on the region [15] . In an axisymmetric geometry, this force must be parallel to the axis. We thus have (k is a unit vector along the z axis)
wherec is a constant. We will see that this is the constant appearing in (13) . This constant was first discussed in a different setting some time ago (see, for example, [10, 11] ). Without loss of generality, let the contour be a closed circle of fixed Z. Then l a is the tangent to the meridian (l = l a e a ) and ds is the element of arclength along the parallel ds = Rdφ.
The integrand appearing on the lhs of (24) does not depend on φ. Consistency of equation (24) with equation (20) requires that E = 0 andc = c. Thus equation (20) coincides with the statement of conservation for the underlying stress tensor. This identification clarifies the relationship between the double sine-Gordon equation and the shape equation. Moreover, equation (20) with E = 0 is equivalent to the shape equation (3) in isothermal parametrization. It is also easily checked that a first derivative of equation (20) gives
A short calculation (substituting Eq. (6) into Eq.(3)) confirms that this equation is the axisymmetric shape equation (3) in isothermal parametrization. It is also evident that the first term appearing in Eq.(27) coincides with the 'kinetic' term in (3) whereas the second term coincides with the cubic potential. This establishes explicitly the consistency with the reparametrization invariant shape equation. This is, of course, what we should have expected. As emphasized earlier by Zheng and Liu, the physics does not depend on the parametrization [11] . Note that in the nineties, there was an element of controversy surrounding this issue in the context of the parametrization in terms of arc-length. The origin of the problem was, invariably, in the implementation of the variational principle.
Consider a topologically spherical membrane with a particle placed at the north pole. The south pole now lies on the free membrane so that a contour spanning the free membrane can be contracted onto that point. The constant must therefore vanish: c = 0.
We are now also in a position to show that a non-vanishing value for the constant E appearing in the quadrature corresponds to an induced tangential stress associated with a constraint on the range of u. If this constraint is introduced with a Lagrange multiplierẼ, it will add a tangential contribution to the surface stress, given by
This is a surface tension with an unusual inverse R 2 dependence. If this stress is added to f a consistency with Eq. (20) requires E =Ẽ. The constraint on u introduces tension. It is not however the usual surface tension. The energy associated with a constant surface tension µ is proportional to area and the corresponding stress is f a tension = −µ e a . The easiest way to derive Eq.(28) is to recast the integral appearing in Eq. (17) in the equivalent form, 1 2π
Adding such a term breaks the translational invariance of the energy. Consequently, the associated stress will not be conserved. The energy remains, however, invariant under translations parallel to the axis. Thus, the projection of the stress along the axis f a · k is still conserved. Using the auxiliary variables introduced in [14] , it is straightforward to show that the corresponding addition to the stress is the one given by Eq.(28). For the record, the conservation law (22) is replaced by
This description of stress conservation is invariant under reparametrization; one need not worry whether the coordinates we have chosen are well-behaved under variation. For the same reason as a constraint on u induces an unphysical stress one also needs to be careful when parametrizing the surface geometry by arc-length. Instead of constraining the integral appearing in (29), one has a constraint on dA/R. The corresponding stress f a constant l is then proportional to e a /R. This constraint is relaxed in a manner entirely analogous to that employed for the isothermal parameter u.
Finally, we comment that non-trivial equilibrium single attached particle configurations do not exist without tension. For if E = 0, then the boundary condition at the south pole: ∂ u Ω = 0 = sin Ω implies d = 0 in Eq. (15) . The only solution consistent with this condition is part of a sphere. Unfortunately, the solutions described in reference [7] appear to be artifacts of the constraint on u which introduces the tension necessary to support the equilibrium.
Conclusions
The equilibrium of an axisymmetric fluid membrane has been approached using isothermal coordinates. The implementation of the variational principle in terms of these variables has its subtleties with a combination of physical constraints that need to be enforced and unphysical constraints that need to be relaxed. How to negociate these subtleties without incurring errors is perhaps of wider interest than the specific problem being addressed.
Notation
A surface is described by three functions X = (X 1 , X 2 , X 3 ) of two variables ξ 1 , ξ 2 . The two coordinate tangent vectors to the surface are given by e a = ∂ a X, a = 1, 2 (∂ a = ∂/∂ξ a ). Let n be the unit normal. The metric tensor induced on the surface and the extrinsic curvature are then given in terms of these vectors by g ab = e a · e b and K ab = e a · ∂ b n [16, 17] . Indices are raised with the inverse metric. dA = √ det g ab d 2 ξ is the area measure induced on the surface by X. K denotes (twice) the mean curvature: K = g ab K ab
